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Noise Characterization for Time Interleaved Photonic
Analog to Digital Converters
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Abstract—We build noise models for analyzing the effect of four
main noise terms consisting of the amplitude fluctuation of optical
sampling pulse trains, timing jitter of optical sampling pulse trains,
quantization and aperture jitter noise of electrical analog to digital
converters, and noise in photodiodes on time interleaved photonic
analog to digital converters. The analyses indicate that the random
processes in the optical sampling pulse train and aperture of elec-
trical analog to digital converters have significant effect on both the
unmodulated and modulated components in the sampling results.
Both quantization noise of electrical analog to digital converters
and noise in photodiodes are unrelated to the optical sampling and
can be considered as additive noises. Furthermore, we analyzed
digital frequency spectra of different noises after time interleaving.
To validate the theoretical model, we conduct the corresponding
experiments, indicating the experimental results being consistent
with the proposed noise models.

Index Terms—Amplitude fluctuation, aperture jitter, digital time
interleaving, noise characterization, photodecection noise, timing
jitter, time interleaved photonic analog to digital converters.

I. INTRODUCTION

ANALOG to digital converters (ADCs) build a bridge
between the analog signals and the digital signals. How-

ever, after several years of rapid development, electrical ADCs
(EADCs) have reached the plateau of performance due to the
electronic bottlenecks such as electronic jitter. This issue can
be effectively mitigated by adopting Photonic ADCs (PADCs).
Up to now, PADC has attracted plenty of interest and several
schemes have been proposed [1]–[9]. By taking advantage
of photonics in ultralow jitter and wideband processing and
electronics capability, time interleaved PADCs (TIPADCs) are
considered as one of the most practically feasible schemes [5]–
[8], [10], [11]. With the proposal of solutions for bandwidth,
mismatch, distortion etc., the system performance has been
improved [6], [12]–[16]. Besides these issues, noise is another
essential limiting factor that has to be taken into account and
analyzed as it will significantly degrade the performance of
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TIPADCs. Few analyses of noise in TIPADCs were proposed.
Valley et al. have analyzed the effect of the optical sampling
pulse train noise on the performance of PADCs [17]. However,
the effect of photodetection and quantization, and the noise
frequency spectrum characteristics are not taken into account.
While Gathman and Buckwalter have noticed the main noise
factors in TIPADCs at different optical power levels, the quan-
titative analysis of noise in TIPADCs is absent [15].

In this paper, we model the noises introduced by random
processes in TIPADCs and analyze their spectral characteristics
by deriving their expression. The analyzed random processes
include amplitude fluctuation and timing jitter of the optical
sampling pulse train, quantization and aperture jitter noise of
EADCs, and noise in photodiodes (PDs). The analyses illustrate
the random processes in the optical sampling pulse train and
aperture of EADCs have effect on both the unmodulated and
modulated components in the sampling results. The noises in
unmodulated components are additive noise and located at the
frequency close to the zero frequency. The noises in modulated
components are multiplicative noise and located near the fre-
quency of the sampled signal. Quantization noise of EADCs
and noise in PDs are unrelated to the optical sampling and are
additive noise. Moreover, digital frequency spectra of different
noises after digital time interleaving are also analyzed. The
theoretical analyses are verified experimentally.

II. BASIC MODEL FOR TIPADCS

Fig. 1 shows the structure of a general TIPADC with N
channels [7], [8], [10], [11]. A mode locked laser (MLL) is
used to generate an optical sampling pulse train with a broad
spectrum and a repetition period ofTs. Then the optical sampling
pulse train is split into N trains with a 1-to-N wavelength
demultiplexer. These trains pass through optical delay lines
with different length, which introduces incremental delays of
Ts/N between them. The trains are then recombined with
another multiplexer to produce a time-wavelength interleaved
optical sampling pulse train with a repetition period of Ts/N .
The input microwave signal is intensity modulated onto the
time-wavelength interleaved optical sampling pulse train with
a Mach-Zehnder modulator (MZM). Afterward, another WDM
device routes the optical sampling pulses with the same wave-
length into one channel. In each channel, optical sampling pulses
are detected by a PD and converted into electrical pulses. Then
each electrical pulse is sampled and quantized by a cascaded
EADC, where the clock of the EADC is synchronized with the
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Fig. 1. Scheme of TIPADCs. MLL: Mode Locked Laser; WDM: Wavelength Division Multiplexer; MZM: Mach—Zehnder Modulator; EADC: Electronic analog
to digital Converter; DSP: Digital Signal Processing.

repetition rate of the MLL. The final sampling result can be
obtained by time interleaving the quantized signals from all the
wavelength channels in the digital domain.

For an ideal TIPADC, the intensity of the optical sampling
pulse train in the n-th channel can be expressed as

p(t) = PA

∞∑

k=−∞
ps(t− kTs − dp), (1)

where ps(t) is the optical sampling pulse power normalized by
the average power, PA, Ts is the single channel sampling period
and dp = (n− 1)Ts/N is the delay of the n-th sub train.

The response of MZM biased at quadrature can be approxi-
mated linearly according to the Taylor expansion of the MZM
transfer function if the power of the input microwave signal
satisfies the small-signal input condition [18]. At the same time,
the responsivity of the PD can be also considered as linear under
the condition that the pulse energy is far less than the saturation
energy [19]. Therefore, the sampling result in the n-th channel
can be expressed as

vQ[k] = 0.5 [1− hM (t) ∗ vI(t)] p(t) ∗ hE(t− dE)|t=kTs
,
(2)

where hM (t) is the small-signal impulse response of MZM,
vI(t) is the microwave signal to be sampled, hE(t) is the
photodetection impulse response including all devices from the
PD to the EADC, dE = (N − n− 1)Ts/N is the delay from
the MZM to the EADC in the n-th channel, and ∗ denotes the
convolution operation.

The ideal sampling result involves two parts: unmodulated
component, vQ0[k], and modulated component, vQ1[k]:

vQ[k] = vQ0[k] + vQ1[k], (3)

where

vQ0[k] = 0.5hE(t− dE) ∗ p(t)|t=kTs
, (4)

vQ1[k] = −0.5hE(t− dE) ∗ [v′I(t)p(t)]|t=kTs
, (5)

v′I(t) = vI(t) ∗ hM (t) denotes the sampled microwave signal
modulated on the optical sampling pulse train after filtered by
the MZM.

As Eq. (5) indicates, if the sampling rate is too high and/or
the photodetection bandwidth is too narrow, adjacent electrical

pulses will overlap with each other, resulting in inter symbol
interference (ISI)[12]–[14]. The condition without ISI is that
the photodetection bandwidth is greater than or equals to half of
the single channel sampling rate [12]–[14].

In practice, the performance of the TIPADC, such as effective
number of bits (ENOB), will be significantly affected by various
random processes in system onto sampling results. The main
random processes include amplitude fluctuation, time jitter of
optical sampling pulse trains, noise in the photodetection, and
noise in EADCs.

Since the noises are generated from different sources, we can
take those random processes as independent events [20], [21].
Hence, different kinds of noise can be analyzed independently.
Additionally, these random processes can be assumed as wide-
sense stationary ones. In the case, the noise can be analyzed with
the linear time-invariant operation, and the spectrum of noise can
also be obtained [22].

III. NOISE MODEL FOR TIPADCS

A. Amplitude Fluctuation

Potential sources for amplitude fluctuations of the optical
sampling pulse traina mainly involve gain fluctuations and spon-
taneous emission in MLL [21]. Since the gain fluctuations have
long relaxation time, and the power of spontaneous emission
is relatively small, typically, the amplitude fluctuations occur
at a rate that is slower relative to the optical sampling pulse
envelope. Therefore, a set of discrete coherent pulses can be
used to describe the optical sampling pulse trains. The intensity
of the optical sampling pulse trains in the n-th channel with
amplitude fluctuations can be expressed as [20], [21]:

pa(t) = p(t) + p(t)a(t), (6)

where a(t) is the zero-mean random function representing rela-
tive amplitude fluctuations.

By substituting pa(t) into Eq. (4), the unmodulated compo-
nent with amplitude fluctuations can have a form of:

vQ0,a[k] = 0.5hE(t− dE) ∗ [p(t) + p(t)a(t)]|t=kTs

= vQ0[k] + Δa0[k], (7)
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where Δa0[k] is the noise in the unmodulated component intro-
duced by the amplitude fluctuations:

Δa0[k] = Δa0(t)|t=kTs

= 0.5hE(t− dE) ∗ [p(t)a(t)]|t=kTs
. (8)

From Eq. (7), we can see that Δa0[k] is an additive noise. The
Eq. (8) can be rewritten with Eq. (55) in Appendix as

Δa0[k] = 0.5 a(t) ∗ ha(t)|t=kTs
, (9)

where

ha(t) = p(−t)hE(t− dE). (10)

The analog frequency spectrum of Δa0(t) is

ΔA0(Ω) = 0.5A(Ω)Ha(Ω), (11)

where
⎧
⎪⎨

⎪⎩

Ha(Ω) = PA

∑∞
m=−∞ Ps(mΩs) exp(−imΩsdp)

·H ′
E(Ω−mΩs)

H ′
E(Ω) = HE(Ω) exp(−iΩdE),

(12)

Ωs = 2π/Ts is the analog angular frequency and i is the imagi-
nary symbol. In this paper, all the functions denoted by an upper
case letter are the Fourier transform of the functions expressed
by the corresponding lower case letter.

The corresponding digital frequency spectrum of Δa0[k] can
be obtained by using Eq. (11):

ΔA0(ω) =

∞∑

l=−∞
ΔA0

(
ω

Ts
− 2πl

Ts

)
, (13)

where ω = ΩTs is the digital angular frequency.
From Eqs. (9) and (11), we can see thatΔa0[k]originates from

a(t) transmitting through an equivalent sampling channel where
the sampling interval is Ts and the channel impulse response is
ha(t). The equivalent generation procedure of Δa0[k] is shown
in Fig. 2(a). The frequency response of the channel, Ha(Ω),
is a weighted sum of the frequency shifted replicas of H ′

E(Ω),
where weights are Ps(mΩs) exp(−imΩsdp). Fig. 2(b) shows
the schematic diagram of Ha(Ω). In the case of no ISI, the
adjacent replicas of H ′

E(Ω) can overlap with each other and
form a continuous passband, as shown in Fig. 2(b.1). This will
not happen with ISI as shown in Fig. 2(b.2). Thus, there will be
ripples on the frequency response, Ha(Ω), meaning A(Ω) being
frequency selected by Ha(Ω)[12], [16].

For the modulated component, the sampling result is the sum
of the signal, vQ1[k], and the sampled noise induced by the
amplitude fluctuations, Δa1[k]. with amplitude fluctuations and
can be obtained by substituting pa(t) into Eq. (5):

vQ1,a[k] = −0.5hE(t− dE) ∗ [v′I(t)pa(t)]|t=kTs

= vQ1[k] + Δa1[k], (14)

where Δa1[k] is the noise in the modulated component intro-
duced by the amplitude fluctuations.

Δa1[k] = Δa1(t)|t=kTs

= −0.5hE(t− dE) ∗ [v′I(t)p(t)a(t)]|t=kTs
. (15)

Fig. 2. (a) Equivalent generation procedure ofΔa0[k]. (b) Schematic diagram
of Ha(Ω). (c) Equivalent generation procedure of Δa1[k].

Here we can see that the noise is multiplicative and depends
on the input signal.

With Eq. (55) in Appendix, the expression of the noise can be
rewritten as

Δa1[k] = −0.5[a(t)v′I(t)] ∗ ha(t)|t=kTs
. (16)

We can, respectively, obtain the corresponding analog fre-
quency spectrum of Δa1(t) and the digital frequency spectrum
of Δa1[k]:

ΔA1(Ω) = −0.5A(Ω) ∗ V ′
I(Ω)Ha(Ω), (17)

ΔA1(ω) =
∞∑

l=−∞
ΔA1

(
ω

Ts
− 2πl

Ts

)
. (18)

Equations (16) and (17) indicate Δa1[k] coming from a(t)
transmitting through an equivalent sampling channel where a(t)
is first multiplied by v′I(t) and then filtered by ha(t). The
equivalent generation procedure ofΔa1[k] is shown in Fig. 2(c).

B. Timing Jitter

The timing jitter in the optical sampling pulse train is mainly
from the variation of gain, cavity length, and refractive index,
and spontaneous emission in MLL [21]. Compared with the in-
terval of the optical sampling pulse train, the timing jitter is very
much short. Therefore, the intensity of the optical sampling pulse
train with timing jitter in the n-th channel can be approximated
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with a first order Taylor series expansion [20], [21]:

pj(t) = p(t+ δT ) ≈ p(t) + Tsj(t)
dp(t)

dt
, (19)

where δT is the small temporal jitter, j(t) is the zero-mean ran-
dom function, representing the random relative time deviation
from the average interval of the optical sampling pulse train, Ts.

For the unmodulated component, the sampling results with
timing jitter can be obtained by substituting pj(t) into Eq. (4):

vQ0,j [k] = 0.5hE(t− dE) ∗
[
p(t) + Tsj(t)

dp(t)

dt

]∣∣∣∣
t=kTs

= vQ0[k] + Δj0[k], (20)

where Δj0[k] represents the noise in the unmodulated compo-
nent introduced by the timing jitter. The expression of Δj0[k]
is

Δj0[k] = Δj0(t)|t=kTs

= 0.5hE(t− dE) ∗
[
Tsj(t)

dp(t)

dt

]∣∣∣∣
t=kTs

. (21)

Equation (20) indicates that in the unmodulated component
the noise caused by the timing jitter is additive. Since p(t) is a
periodic function with a periodTs, its derivative is also a periodic
function with the same period. With an assistance of Eq. (55) in
Appendix, we can rewrite the expression of Δj0[k] as

Δj0[k] = 0.5Ts j(t) ∗ hj(t)|t=kTs
, (22)

where

hj(t) =
dp(−t)

dt
hE(t− dE). (23)

The corresponding analog frequency spectrum of Δj0(t) and
the digital frequency spectrum of Δj0[k] are, respectively,

ΔJ0(Ω) = 0.5TsJ(Ω)Hj(Ω), (24)

and

ΔJ0(ω) =
∞∑

l=−∞
ΔJ0

(
ω

Ts
− 2πl

Ts

)
, (25)

where

Hj(Ω) = −iPA

∞∑

m=−∞
mΩsPs(mΩs) exp(−imΩsdp)

·H ′
E(Ω−mΩs) (26)

According to Eqs. (22) and (24), Δj0[k] results from j(t)
transmitting through an equivalent sampling channel where
the sampling interval is Ts and the channel impulse response
is hj(t). Fig. 3(a) shows the equivalent generation procedure
of Δj0[k]. The frequency response of the channel, Hj(Ω), is
a weighted sum of the frequency shifted replicas of H ′

E(Ω),
where the weights are mΩsPs(mΩs) exp(−imΩsdp). The fre-
quency response of the channel, Hj(Ω), has two kinds of cases:
with/without ISI, determined by whether the adjacent replicas
of H ′

E(Ω) can overlap or not. Figs. 3(b.1) and (b.2) shows the
case with/without ISI, respectively. From Eq. (26), we can see

Fig. 3. (a) Equivalent generation procedure ofΔj0[k]. (b) Schematic diagram
of Hj(Ω). (c) Equivalent generation procedure of Δj1[k].

that the weights,mΩsPs(mΩs) exp(−imΩsdp), increase as the
frequency increases. Thus, the product of Hj(Ω) and J(Ω), i.e.
ΔJ0(Ω), becomes larger as the frequency increases in Eq. (24).

For the modulated component, by substituting pj(t) in Eq.
(5), we can obtain the sampling results with timing jitter:

vQ1,j [k] = −0.5hE(t− dE) ∗ [v′I(t)pj(t)]|t=kTs

= vQ1[k] + Δj1[k], (27)

where Δj1[k] is the noise in the modulated component induced
by the timing jitter.

Δj1[k] = Δj1(t)|t=kTs

= −0.5hE(t− dE)

∗
[
Tsv

′
I(t)j(t)

dp(t)

dt

]∣∣∣∣
t=kTs

. (28)

In the modulated component, the noise induced by the tim-
ing jitter is a multiplicative noise. Similarly, the noise can be
expressed as

Δj1[k] = −0.5Ts [v′I(t)j(t)] ∗ hj(t)|t=kTs
. (29)

With Fourier transform, we can, respectively, have the corre-
sponding analog frequency spectrum of Δj1(t) and the digital
frequency spectrum of Δj0[k]:

ΔJ1(Ω) = −0.5TsV
′
I(Ω) ∗ J(Ω)Hj(Ω), (30)
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and

ΔJ1(ω) =
∞∑

l=−∞
ΔJ1

(
ω

Ts
− 2πl

Ts

)
. (31)

Equations (29) and (30) indicate that the generation ofΔj1[k]
can be considered as j(t) transmitting through an equivalent
sampling channel where j(t) is firstly frequency shifted by v′I(t)
and then filtered byhj(t), as shown in Fig. 3(c). As the amplitude
ofHj(Ω) increases with the increase of frequency, the frequency
shifted noise item, V ′

I(Ω) ∗ J(Ω), will be amplified more by
Hj(Ω) at higher frequency, as Fig. 3 (b) shows. Therefore, if the
sampled signal have higher frequency components, the noise
power introduced by timing jitter will be higher.

C. Noise in EADCs

When EADCs digitize the electrical pulses from PDs, quan-
tization noise and aperture jitter noise are two main kinds
of introduced noises. The quantization noise originates from
the quantization error during the amplitude discretizing [23].
The quantization error and the amplitude of electrical pulses
are strongly correlated. For a typical application, the signals
to be sampled by TIPADCs contain complicated frequency
components, making the amplitude of electrical pulses random.
Therefore, the quantization noise can be assumed as a white
noise [23]. The power of the quantization noise is

σ2
Q =

V 2
FS

12 · 4NE
, (32)

where VFS and NE are the full scale and the ENOB of the
EADCs, respectively.

The aperture jitter noise is mainly coming from the sampling
clock jitter of EADCs. In TIPADCs, the sampling clock of
the EADCs should be synchronized with the repetition rate of
the employed MLL so that the every electrical pulse can be
quantized. However, the active devices, such as phase locked
loops (PLLs) and amplifiers, used for clock synchronization
will generate additive noises, resulting in jitters on the sampling
clock.

To analyze the effect of the aperture jitter of EADCs, we
can equivalently consider the EADC itself is aperture jitter free,
while the sampled signals has the timing jitter. In this case, the
sampling results can be expressed as

vQ,g[k] = φ(t)|t=kTs+δT

= φ(t+ δT )|t=kTs
, (33)

where φ(t) is the sampled signals.
Considering the jitter is minimal compared to the sampling

interval, we can approximate the sampled signals with a first
order Taylor series expansion:

vQ,g[k] ≈ φ(t) + Tsg(t)
dφ(t)

dt

∣∣∣∣
t=kTs

, (34)

where g(t) is the zero-mean random function of time, represent-
ing the relative deviation from the average sampling interval, Ts.

The sampling result is the sum of the sampled signal and the
noise induced by the aperture jitter as shown in Eq. (34). In

TIPADCs, the sampled electrical signal is the electrical pulse
trains:

φ(t) = 0.5hE(t− dE) ∗ {[1− v′I(t)]p(t)} . (35)

By expanding Eq. (35), the additive noise can be also divided
into two parts: unmodulated component φ0(t), and modulated
component φ1(t):

⎧
⎪⎨

⎪⎩

φ(t) = φ0(t) + φ1(t)

φ0(t) = 0.5hE(t− dE) ∗ p(t)
φ1(t) = −0.5hE(t− dE) ∗ [v′I(t)p(t)]

. (36)

For the unmodulated component, the noise induced by the
aperture jitter can be derived as

Δg0[k] = Δg0(t)|t=kTs

= Tsg(t)
dφ0(t)

dt

∣∣∣∣
t=kTs

= 0.5Tsg(t)

[
dhE(t− dE)

dt
∗ p(t)

]∣∣∣∣
t=kTs

. (37)

With Eq. (55) in Appendix, the expression can be rewritten as

Δg0[k] = 0.5Tsg(t)

{
dhE(t− dE)

dt
∗ [p(t) · 1]

}∣∣∣∣
t=kTs

= 0.5Tsg(t)[hg(t) ∗ 1]|t=kTs
, (38)

where
{
hg(t) = ĥE(t− dE)p(−t),

ĥE(t) =
d
dthE(t).

. (39)

In comparison with the photodetection impulse response, the
temporal width of the optical sampling pulse is so narrow and can
be neglected. Therefore, the temporal power shape of a single
optical sampling pulse ps(t) can be considered as an impulse
function δ(t)., and the multi-tap filter hg(t) can have a from of

hg(t) = ĥE(t− dE)PA

∞∑

q=−∞
δ(−t− qTs − dp)

= PA

∞∑

q=−∞
ĥE(qTs − dp − dE)

· δ(t− qTs − dp). (40)

where ĥE(qTs − dp − dE) is the tap coefficients. When there is
no ISI, hg(t) has only one nonzero coefficient, enabling the filter
being a constant gain, PAĥE(−dp − dE). We can observe that
the constant gain depend on the derivative of the photodetection
impulse response, ĥE(t), and the delay from the MZM to the
EADC, dE , which means the noise power is determined by
the derivative near the sampling position on electrical pulses
of EADCs. More generally, a drastically change of hE(t) near
the sampling position leads to a high value of hg(t) and high
noise power. The corresponding cases include the selection of
the rising edge and/or the falling edge of the electrical pulses as
the sampling position of EADCs or the narrow temporal width
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of the photodetection impulse response. On the contrary, if the
value of hE(t) near the sampling position changes smoothly, the
value of hg(t) will be small and the noise power can be low. For
example, we can choose the peak of the hE(t) as the sampling
position or a wide photodetection impulse response temporal
width to reduce the noise power.

However, when there is ISI, hg(t) has multi nonzero coeffi-
cients. The gain of the filter is not constant and has frequency
selectivity. For the unmodulated component, 1 ∗ hg(t) is a con-
stant, the following equation will be satisfied:

Δg0[k] = 0.5TsPA

· g(t)
∞∑

q=−∞
ĥE(qTs − dp − dE)

∣∣∣∣∣
t=kTs

. (41)

Furthermore, the analog frequency spectrum of Δg0(t) and
the digital frequency spectrum of Δg0[k] can, respectively, be
derived as:

ΔG0 (Ω) = 0.5TsG (Ω) ∗ [2πδ(Ω) ·Hg(Ω)] , (42)

and

ΔG0(ω) =
∞∑

l=−∞
ΔG0

(
ω

Ts
− 2πl

Ts

)
. (43)

where

Hg(Ω) = iPA

∞∑

m=−∞
Ps(mΩs) exp(−imΩsdp)

· (Ω−mΩs)H
′
E(Ω−mΩs), (44)

As shown in Fig. 4(a), the generation of Δg0[k] can be
considered as g(t) transmitting through an equivalent sampling
channel where g(t) is multiplied by 1 ∗ hg(t) and sampled with
an interval of Ts. The frequency response, Hg(Ω), is a weighted
sum of the frequency shifted replicas ofΩH ′

E(Ω), where weights
are Ps(mΩs) exp(−imΩsdp). Fig. 4(b) shows the schematic
diagram of Hg(Ω) in the cases with/without ISI.

For the modulated component, the noise induced by aperture
jitter can be derived in the same way:

Δg1[k] = Δg1(t)|t=kTs

= Tsg(t)
dφ1(t)

dt

∣∣∣∣
t=kTs

= −0.5Tsg(t)
{
ĥE(t− dE) ∗ [v′I(t)p(t)]

}∣∣∣
t=kTs

.

(45)

With Eq. (55) in Appendix, the expression can be rewritten as

Δg1[k] = −0.5Tsg(t)[v
′
I(t) ∗ hg(t)]|t=kTs

. (46)

The analog frequency spectrum of Δg1(t) and the digital
frequency spectrum of Δg1[k] are

ΔG1 (Ω) = −0.5TsG (Ω) ∗ [V ′
I (Ω)Hg (Ω)] , (47)

Fig. 4. (a) Equivalent generation procedure ofΔg0[k]. (b) Schematic diagram
of Hg(Ω). (c) Equivalent generation procedure of Δg1[k].

and

ΔG1(ω) =

∞∑

l=−∞
ΔG1

(
ω

Ts
− 2πl

Ts

)
. (48)

As illustrated in Fig. 4(c), the generation of Δg1[k] with
an assistance of Eqs (46) and (47) can be considered as g(t)
transmitting through an equivalent sampling channel, where
v′I(t) is first filtered by a filter with an impulse response of
hg(t), and then mixed with g(t). The mixed result is sampled
with an interval of Ts. In the case without ISI, the derivative near
the sampling position on electrical pulses of EADCs determines
the noise power. Similar to the analyses in the unmodulated
component in Eq. (40), a drastic change near the sampling
position of EADC corresponds to a high noise level. A smooth
change near the sampling position of EADC will be useful for
suppressing the noise. In the case with ISI, hg(t) has frequency
selectivity.

D. Noise in PDs

The noise introduced by PDs mainly includes thermal noise,
shot noise, generation-recombination noise, flicker noise and
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so on. Thermal noise is a fluctuating current that results from
the random thermal motion of electrons, and its power is propor-
tional to the temperature. The shot noise is related to the discrete
nature of electrons and input photons. The power of the shot
noise is proportional to the photoelectric current. Generation-
recombination noise is mainly coming from random fluctuations
in the number of carriers. The flicker noise is the dominant noise
in the low frequency range and its spectral density function is
proportional to the reciprocal of frequency. All these noises can
be considered as additive ones [24].

The spectral distribution of these noises in PD have been
investigated widely. For the noise with a bandwidth less than
Ωs/2, its digital frequency spectrum after sampled by EADCs
is unchanged from its analog frequency spectrum whereas its
digital frequency spectrum after sampled by EADCs is an alias-
ing result of its analog frequency spectrum in the case of the
noise with a bandwidth larger than Ωs/2.

IV. DIGITAL TIME INTERLEAVING

Since microwave signals are sampled alternately by multiple
channels in TIPADCs, the final sampling results should be
obtained by interleaving the sampling data from the channels.

For an arbitrary time interleaving ADC, the sampling results
of the n-th channel can be expressed in the frequency domain
as:

Xn(Ω) =
1

Ts

∞∑

k=−∞
Xc(Ω− kΩs)exp(−iΩdp), (49)

where Xc(Ω) is the frequency spectrum of the sampled signals.
We can clearly see that Xn(Ω) is the sum of frequency shifted
replicas of Xc(Ω), where the frequency shift interval is Ωs.

The final sampling result of TIPADCs is the sum of all channel
sampling results:

X ′
c(Ω) =

N∑

n=1

Xn(Ω). (50)

By substituting dp = (n− 1)Ts/N into Eq. (49), onceXc(Ω)
is the same for all channels, the summation will lead to a remain
of the frequency shifted replicas of Xc(Ω) only at the integral
multiples of NΩs, while the other frequency shifted replicas
of Xc(Ω) are perfectly canceled. On the other hand, all the
frequency shifted replicas of Xc(Ω) are not canceled, resulting
in residual replicas, if Xc(Ω) is different for different channels.
Taking a time interleaving ADC with two channels for example,
a schematic diagram of the spectrum cancellation is shown in
Fig. 5. In the figure, the red and yellow diagrams represent the
spectra of two channels; the blue diagram represents the case
that corresponding parts can be perfectly canceled; the green
diagram represents the case that they have residual parts.

In TIPADCs, the optical sampling pulse train of each channel
is the replicas of the optical sampling pulse train from the MLL.
Since the fiber is a passive device, the amplitude fluctuation
and timing jitter in the optical sampling pulse train are trans-
mitted to all channels without difference in stable operating
TIPADCs. Furthermore, all the EADCs are clocked by the same

Fig. 5. Schematic diagram of the spectrum cancellation when Xc(Ω) is the
(a) same and (b) different for two channels.

synchronizing signal and sample electrical pulses at the same
time, which means the aperture jitter of the EADC in each
channel is the same. Thus, for the unmodulated component in
the digitized noise caused by the amplitude fluctuation, time
jitter, and aperture jitter, Xc(Ω) is the same. Only the frequency
shifted replicas at the integral multiples of NΩs remain and the
other replicas are canceled after the digital time interleaving.
Additionally, the sampled signal in each channel is identical.
For the modulated component of the digitized noise caused by
amplitude fluctuation, time jitter, and aperture jitter, Xc(Ω) is
also the same. Therefore, these noises don’t have residual parts
in the frequency spectrum after digital time interleaving.

Due to the PD in each channel performs independently, the
noise in photodetection subjects to independent and identical
distribution. Therefore, the EADC in each channel samples
different noise signal and obtain different digitized noise, which
leads to Xc(Ω) is different among channels. Consequently,
frequency shifted replicas of corresponding noise cannot be
canceled during the summation and they will have residual
replicas. Different kinds of the noises in photodetection have
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Fig. 6. A single channel TIPADC. MLL: Mode Locked Laser; PC: Polar-
ization Controller; SG: Signal Generator; MZM: Mach—Zehnder Modulator;
VOA: Variable Optical Attenuator; PD: Photodiode; PS: Phase Shifter; EADC:
Electronic Analog to Digital Converter; PLL: Phase Locked Loop.

different bandwidth. If the noise in photodetection with a band-
width of less than a half of the sampling rate of a signal
channel, the frequency shifted replicas of the noise cannot add
up to a constant power spectral density, leaving ripples with a
period of Ωs on the noise spectrum after interleaving. On the
contrary, the frequency-shifted replicas of the noise add up to
a constant, making the noise spectrum after time interleaving
white.

V. EXPERIMENTAL RESULTS

To verify the theoretical models analysed above, a single chan-
nel TIPADC is established and shown in Fig. 6. A passive MLL
(Precision Photonics, FFL1560) generates the optical sampling
pulses at a repetition rate of 36.456 MHz. A microwave signal
is produced by a signal generator (Rohde & Schwarz, SMF
100 A) and modulated onto the optical sampling pulse train via
a 40 Gbps MZM biased at quadrature. A polarization controller
(PC) is used to ensure the polarization of optical sampling pulses
is aligned with the z-axis of the used MZM. After demultiplexed,
the optical sampling pulse train is attenuated to an average power
of ∼−l20 dBm with a variable optical attenuator (VOA) to
ensure the pulse energy is in the linear region of the responsivity
of PDs. Then the optical sampling pulse train is detected by a PD
with the bandwidth of 500 MHz. Consequently, electrical pulses
from the PD are quantized by an EADC (Keysight, M9703 A)
with an analog bandwidth of 1.2 GHz. The EADC is clocked by
the MLL via a PLL. A phase shifter (PS) between the PD and
the EADC is used to adjust the sampling point of the EADC on
the electrical pulses.

Fig. 7 shows the waveform of the sampling results in the time
domain, where the frequency of the input microwave signal is
3.6456 MHz. We can observe that the sampling results contains
two components: unmodulated component and modulated com-
ponent. The amplitude of the unmodulated and the modulated
component are ∼127 mV and ∼50 mV, respectively.

The amplitude fluctuation can be estimated with a classic
spectrum analysis method [20], [25], [26]. The measurement
setup is illustrated in Fig. 8. In the measurement, the used PD
has a 5 GHz bandwidth, and two band pass filters (BPFs) with a
center frequency of 37 MHz and 3.2 GHz are respectively used
for selecting out the fundamental and the 87-th harmonic. The
respective phase noise spectrums of the fundamental and the
harmonic are measured with a signal source analyzer (Rohde &
Schwarz, FSUP).

Fig. 7. The waveform of the sampling results in the time domain.
UC: Unmodulated Components; MC: Modulated Components.

Fig. 8. Amplitude fluctuation measurement setup. MLL: Mode Locked Laser;
PC: Polarization Controller; MZM: Mach—Zehnder Modulator; VOA: Variable
Optical Attenuator; VDL: Variable Delay Line; PD: Photodiode; BPF: Band Pass
Filter; SSA: Signal Source Analyzer.

The phase noise spectra of the fundamental and the 87-th
harmonic can be respectively expressed as [20], [25], [26]

{
P1(Ω) = |A(Ω)|2 + |J(Ω)|2
P87(Ω) = |A(Ω)|2 + |87J(Ω)|2. (51)

|A(Ω)|2 can be obtained by solving Eq. (51):

|A(Ω)|2 =
872P1(Ω)− P87(Ω)

872 − 1
. (52)

Fig. 9 shows the measured single band phase noise spectra of
the fundamental, the 87-th harmonic, and the calculated single
band power spectrum of |A(Ω)|2. By integrating |A(Ω)|2, the
root mean square (RMS) of the relative amplitude fluctuation
of the optical sampling pulse train can be obtained. When
the integrating range is from 10 Hz to 1 MHz, the calculated
RMS is 0.0754%. After quantization, the corresponding RMS
ofΔa0[k] and RMS ofΔa1[k] are, respectively,∼0.096 mV and
∼0.038 mV according to the measured amplitude of the unmod-
ulated component and the modulated component in Fig. 7. The
elementary quantization step of the used EADC is ∼3.906 mV
and the RMS is ∼1.128 mV [23]. We can see that the RMSs
of Δa0[k] and Δa1[k] are far less than that of the elementary
quantization step, illustrating that Δa0[k] and Δa1[k] are very
small compared with the quantization noise and considered as
neglectable.

The noise in the unmodulated component induced by the
timing jitter, Δj0[k], is distributed around zero frequency where
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Fig. 9. Single band phase noise spectrum of the fundamental, the 87th har-
monic, and the calculated |A(Ω)|2.

Fig. 10. Measurement setup for testing the noise induced by timing jitter.
MLL: Mode Locked Laser; PC: Polarization Controller; SG: Signal Generator;
MZM: Mach-Zehnder Modulator; OC: Optical Coupler; VOA: Variable Optical
Attenuator; PD: Photodiode; PS: Phase Shifter; EADC: Electronic Analog to
Digital Converter; PLL: Phase Locked Loop.

Hj(Ω) has a small gain according to Eq. (26). Moreover, the
power of j(t) is very low for commercial MLLs, resulting in a
very low timing jitter. Therefore, the power ofΔj0[k] is so small
and can be neglected.

A cross correlation method is used to measure the noise in the
modulated component induced by the timing jitter, Δj1[k] and
avoid the effect of the noise in photodetection. Fig. 10 shows
the measurement setup. Here the modulated optical sampling
pulse train is divided and fed into two branches via an optical
coupler (OC). Each channel contains a VOA, a PD, a PS, and
an EADC. In order to measure the Δj1[k], we have to suppress
the influence of Δa1[k] and Δg1[k] on the frequency spectrum
because all of J(Ω), A(Ω) and G(Ω) are frequency shifted
to the frequency of the input microwave signal. According to
the discussion above, Δa1[k] can be neglected due to its small
magnitude. Furthermore, the sampling position of EADC can be
selected at the peak of the electrical pulses to make the derivative
of the photodetection impulse response approximated to zero. At
this condition, the power ofΔg1[k] can be effectively suppressed
to zero as indicated in Eq. (40). Among all the analyzed noises,
Δj1[k] is the only one related to the input microwave signal
frequency. Therefore, the effect of Δj1[k] can be evaluated by
increasing the input microwave signal frequency while other
noises keep unchanged.

In the cross correlation method, the sampling results of the
two branches are

{
vQ,b1[k] = v′Q[k] + nE,b1[k]

vQ,b2[k] = v′Q[k] + nE,b2[k]
, (53)

where v′Q[k] is the sampling results affected by the noisy optical
sampling pulse train, nE,b1[k] and nE,b2[k] are the digitized
noise from the PDs.

The cross correlation of the sampling results of the two
branches can be written in the frequency domain as [27]

F(vQ,b1[k]⊗ vQ,b2[k]) = F(vQ,b1[k])F(vQ,b2[k]), (54)

where⊗ denotes the cross correlation operation,F(·) represents
the discrete Fourier transform operation and the overbar denotes
the complex conjugate.

During the sampling, the optical sampling pulse train is trans-
mitted to both branches without difference. Meanwhile, the PDs
and EADCs in both branches produce the noise independently.
Thus, v′Q[k] is the common part between the sampling results in
the two branches while nE,b1[k] and nE,b2[k] are the differential
part. The differential part between the two channels are uncorre-
lated and can be canceled after the cross correlation. On the other
hand, the common part, including the ideal sampling results
and the noise induced by timing jitter, will be dominate [27],
[28]. In the experiment, the microwave signals with different
frequencies are fed into the TIPADC to examine the relationship
between the signal frequency and the noise induced by the
timing jitter. The frequencies of the input microwave signals
are set to 1.0353504 GHz, 10.0035264 GHz, 20.0289264 GHz,
30.0178704 GHz, and 40.0068144 GHz, respectively. Since
the signal frequencies are all beyond the first Nyquist zone
of sampling channel, the microwave signals are undersampled
and shifted to 14.5824 MHz. To exclude the influence of the
nonlinearity frequency response of the MZM as indicated by
Eq. (30), the power of the input microwave signal is adjusted to
make the magnitude of v′I(t) constant at different frequencies
based on the measured frequency response of the MZM

Fig. 11(a) shows the digital power spectrum of the sampling
results after the cross correlation measurement. The frequency
is normalized by half of the sampling rate. According to the
results, we fit the relative magnitude-frequency response curve
shown in Fig. 11(b), where the magnitude of the fitting curve
at 1.0353504 GHz is set to 0 dB. We can clearly see that with
the increase of the input signal frequency, the noise power also
increases since the gain of Hj(Ω) for V ′

I(Ω) ∗ J(Ω) is higher at
the high frequencies, as Eqs. (26) and (30) indicate.

To demonstrate the effect of the aperture jitter of EADCs
on the sampling results, the shape of electrical pulses after
photodetection is first measured by an equivalent time sampling
method [14] as shown in Fig. 12. In this measurement, no signals
are fed into the MZM. Thus, the electrical pulses are all the
same. The EADC is clocked by a sinusoidal wave generated by
the signal generator. The sinusoidal wave has a small frequency
deviation of 2 kHz from the repetition rate of the optical sampling
pulse train. The frequency deviation can add a little incremental
delay before the next sampling by the EADC to the electrical
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Fig. 11. (a) The measured digital power spectrum based on the cross correla-
tion method. (b) The relative magnitude as a function of frequency.

Fig. 12. Photodetection impulse response measurement setup. MLL: Mode
Locked Laser; SG: Signal Generator; MZM: Mach-Zehnder Modulator; PD:
Photodiode; PS: Phase Shifter; EADC: Electronic Analog to Digital Converter.

pulse. Because of the periodicity of the electrical pulses, the
entire electrical pulse shape can be sampled at a high equivalent
sampling rate of ∼664.5 GS/s.

The measurement result of the electrical pulse shape is illus-
trated in Fig. 13(a). Three different sampling positions of EADC
on the electrical pulses are selected, whose absolute values
of the derivative are ∼159 V/μs, ∼0 V/μs, and ∼222 V/μs,
respectively. Fig. 13(b) show the power spectrums of the sam-
pling results at the three different sampling positions in the
unmodulated component. There is no microwave signal fed into
the MZM to remove the effect of the modulated component.
In this case, the power of the noise induced by the aperture

Fig. 13. (a) Measured electrical pulse shape. (b) Digital power spectrums of
the noise induced by aperture jitter in the unmodulated component. (c) Spectrum
of the EADC sampling clock.

jitter only includes Δg0[k]. As we can see, the power of the
noise induced by the aperture jitter increases as the absolute
value of the derivative increases. When the sampling positions
of EADC on the electrical pulses are at the peak of the electrical
pulse shape, there is the minimum value of the noise power.
Fig. 13(c) shows the spectrum of the EADC sampling clock,
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Fig. 14. Experimental setup for measuring the noise induced by timing jitter.
MLL: Mode Locked Laser; PC: Polarization Controller; MZM: Mach-Zehnder
Modulator; WDM: Wavelength Division Multiplexing; VOA: Variable Optical
Attenuator; PD: Photodiode; AMP: Amplifier; LPF: low pass filter; PS: Phase
Shifter; EADC: Electronic Analog to Digital Converter; PLL: Phase Locked
Loop.

including the ideal clock and aperture jitter measured by the
signal source analyzer. By comparing between Figs. 13(b) and
(c), we can observe that ΔG0(Ω) at sampling position 1 or 3 has
the same power spectral distribution as the noise of the EADC
sampling clock, as indicated in Eq. (42). Both of them have
a peak at an offset frequency of ∼8 MHz. In Fig. 13(b) the
frequency is normalized by half of the sampling rate. The actual
frequency at the peak is ∼8 MHz. At sampling position 2, the
power of ΔG0(Ω) is very low because of the absolute value of
the derivative is approximated to zero. In this case, the effect
of ΔG0(Ω) on the power spectral distribution is covered by the
noise from the PDs.

When the microwave signal feeds into the MZM, the noise
induced by the aperture jitter of the EADC includes both Δg0[k]
and Δg1[k]. Fig. 7 indicates the magnitude of the modulated
component is ∼0.4 times that of the unmodulated component,
which means the power of the modulated component is ∼11 dB
lower than that of the unmodulated component. By substituting
the magnitude of the unmodulated component and the modulated
component into Eqs. (42) and (47) respectively, we can find the
power density of Δg1[k] is ∼14 dB lower than that of Δg0[k].
In this case, the power spectrum of Δg1[k] is buried in that of
Δg0[k] in our experiment and has few effect on the total power
spectrum of noise induced by the aperture jitter.

To verify the effect of the bandwidth on the photodetection
noise in the digital time interleaving results, we design an
experimental setup shown in Fig. 14. A WDM is cascaded after
the MZM to split the optical sampling pulse train and route into
two corresponding channels to stimulate the PD in each channel.
Two amplifiers are adopted after PDs to boost the noise generated
from PDs. To make the photodetection noise dominant, other
noises should be suppressed. Therefore, we select the peak of
electrical pulses as the sampling position of the EADCs and no
microwave signal feed onto the MZM. Furthermore, an 11 MHz
low pass filter (LPF) is used after the amplifier or not to illustrate
the cases with different photodetection bandwidth.

Fig. 15(a) and (b) show the measured noise spectra of pho-
todetection with and without LPFs and the corresponding digital
noise spectra after time interleaving, where the frequency is
normalized by half of the total sampling rate, respectively. As the
PDs and EADCs used in the two channels are independent, all
the frequency shift replicas cannot be completely canceled after

Fig. 15. Digital power spectrums of the noise after time interleaving.

TABLE I
SUMMARY FOR EXPERIMENTAL VERIFICATION

*UC: Unmodulated Component; MC: Modulated Component.

the time interleaving. In the case without LPFs, the bandwidth
of the photoreaction is larger than half of the sampling rate of the
single channel, making the power density of the noise spectrum
after time interleaving becoming a constant. With an assistance
of the LPFs, the bandwidth of the photodetection is limited to
less than half of the sampling rate of the single channel. It can be
seen that digital noise power density is uneven, which is caused
by the summation of the frequency shifted noise replicas after
the time interleaving has ripples with a period of Ωs or 0.5 in
normalized frequency.

Table I summarizes the analyzed noises in TIPADCs in the
paper. It is worth noting that in our experiments, it is the low
amplitude fluctuation of the MLL and the limited quantization
resolution of the EADCs that makes the effect of amplitude
jitter unable to be observed. The effect of amplitude jitter may
become obvious and can be tested in TIPADCs employing MLLs
with higher amplitude fluctuation and/or EADCs with higher
quantization resolution. The noises induced by timing jitter in
the unmodulated component (near zero frequency) and aperture
jitter in the modulated component are not observed. The main
reasons are as follows respectively: the frequency response
of the noise induced by the timing jitter is small near zero
frequency according to Eq. (26), and the noises aperture jitter in
the modulated component is buried in that in the unmodulated
component according to Eqs. (42) and (47).
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VI. CONCLUSION

In this paper, we modeled four main random processes in
TIPADCs including the amplitude fluctuation and timing jitter of
the optical sampling pulse train, the quantization and the aperture
jitter noise of EADCs, and the noise in photodiodes. The spectral
characteristics of these noises are analyzed by deriving their
expression. Both the unmodulated and modulated components
in sampling results can be affected by the random processes
in the optical sampling pulse train and aperture of EADCs.
The noises in unmodulated components are additive and its
frequency around the zero frequency. The noises in modulated
components are multiplicative and located at the frequency close
to the sampled signal. The quantization noise of EADCs and
noise in photodiodes are additive noises uncorrelated to the op-
tical sampling. Moreover, digital frequency spectra of different
noises after time interleaving are also analyzed. Experimental
measurements on the noises of a TIPADC verify the theoretical
results.

APPENDIX

EQUIVALENT PROCEDURES IN SAMPLING SYSTEMS

According to the analysis and proof in [12], [29], for any
sampling system, the following equation is satisfied:

z[k] = w(t) ∗ [x(t)y(t)]|t=kTs

= x(t) ∗ [y(−t)w(t)]|t=kTs
, (55)

where z[k] is the sampling results, w(t) and x(t) are arbitrary
functions, and y(t) is a function with a period of Ts.

As can be seen from Eq. (55), for the sampling results, the
following two procedures are equivalent:
� An arbitrary signal, x(t), is modulated with a periodic

signal, y(t), and then sampled synchronously after filtered
by w(t);

� An arbitrary signal, x(t) transmits through an equivalent
channel and then is sampled synchronously, where the
equivalent channel has an impulse response of y(−t)w(t).

In a certain sampling system, both y(t) and w(t) are deter-
mined. The analysis of sampling results, z[k], can be simplified
by using the two equivalent procedures.
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