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Abstract: Dissipative Kerr solitons (DKS) in high-Q microresonators have attracted consid-
erable attention for their broadband optical frequency combs and ultra-short pulse generation.
Owing to thermal effects, complicated tuning strategies are required to generate and sustain the
single-soliton state in microresonators. In this paper, we propose a novel microresonator scheme
based on the Fabry–Pérot fiber resonator and single-layer graphene saturable absorber (SA) and
demonstrate that this design allows deterministic single-soliton generation without frequency
tuning and has strong robustness against pump perturbation. The soliton range and thermal insta-
bility of the proposed device are also discussed. This work facilitates a novel nonlinear platform
connecting high-Q microresonators and conventional SA-assisted mode-locking operations.

© 2020 Optical Society of America under the terms of the OSA Open Access Publishing Agreement

1. Introduction

The temporal dissipative Kerr soliton (DKS) in microresonators exhibits an excellent performance
of broadband coherent combs with low noise, and ultra-short pulses with hundred-gigahertz
repetition rate [1,2], which has led to breakthroughs in several applications such as coherent
communication, optical clock, frequency synthesizer, lidar, and dual-comb spectroscopy [3–7].
The DKS is a special mode-locked state that relies on the balance between the parametric gain
and intracavity loss, and the balance between the Kerr nonlinearity and anomalous dispersion in
the microresonators [8,9]. It has been demonstrated that microresonators can achieve ultra-high
Q resonances (∼108) [10,11]. The high-Q factor indicates a longer photon lifetime, which can
effectively extend the interaction length between the cavity and intracavity field, and lead to an
ultra-low threshold of parametric oscillation [12].
To obtain DKS, the pump laser should be tuned over the cavity resonance from a short to a

long wavelength with an appropriate tuning speed [9]. The single DKS state is the most desired
among DKS states, since it has a single temporal pulse in each roundtrip, and possesses a smooth
sech2-envelope. However, since the spontaneous DKS formation evolves from an uncontrollable
breathing state [13], the results of frequency tuning experiments are not deterministic (e.g.,
number of solitons and their separation time) [14–16]. Some improvements on pump tuning
strategies have been proposed to achieve deterministic single-soliton generation, including
backward pump tuning [17], active feedback control [18] and the two-step “power kicking”
protocol [19,20]. Methods of auxiliary laser heating [21], synchronized pulse pumping [15]
and integrated heater [22] have also been demonstrated. However, frequency tuning either
on the pump wavelength or resonance wavelength is always required in the above-mentioned
methods. It is highly desirable to generate deterministic DKS without any frequency tuning. One
possible method is the use of a phase-modulated pump laser [23], which enables the spontaneous
single-soliton generation from a chirped background. Further, the studies [24,25] demonstrate
the saturable absorption in a high-Q silica microtoroid, and show the possibility of obtaining
robust mode-locked pulses in Kerr microresonators.
In this paper, we propose a novel Fabry–Pérot (FP) microresonator assisted by single-layer

graphene (SLG) which serves as an ultrafast saturable absorber (SA). The idea is to introduce
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saturable absorption into the microresonator so that the pulse shaping mechanism of the SA can
help the intracavity field directly evolve to DKS. When compared to the traditional mode-locked
lasers with graphene SA (e.g. [26]), the advantage of our proposed microresonator is that the gain
in the microresonator arising from the Kerr nonlinearity. In contrast, the gain in traditional mode-
locked lasers is due to the rare-earth-doped medium. This allows the microresonator to generate
a frequency comb outside the gain spectra of rare earth elements as long as the microresonator
maintains a proper anomalous dispersion. The gated intracavity tunability of optical frequency
combs in a graphene based silicon nitride microresonator has also been demonstrated [27].
Here, the absorption of graphene is modelled as saturable absorption without altering its Fermi
level. The Lugiato–Lefever equation (LLE) applied to the FP microresonator is derived from its
equivalent coupled-mode equation including the saturable absorption effect. It is shown that
when the pump frequency is set to an appropriate value, the proposed microresonator enables
deterministic single-soliton generation without pump frequency tuning. Moreover, the proposed
microresonator has strong robustness against pump perturbation (e.g., phase, wavelength or timing
fluctuation) and can automatically recover the single-soliton state after the disappearance of
perturbation. Detailed discussions on the soliton range and thermo-optic effect are also presented.
This proposed microresonator connects high-Q microresonators with conventional SA-assisted
mode locking and exhibits unique nonlinear dynamics. We believe that this microresonator can
be a new platform for the study of nonlinear dynamics as well as a robust device for practical
photonic applications.

2. Principle and model

In this study, our aim is to combine the high-Q microresonator with the well-known SA assisted
mode locking. The proposed microresonator device is shown in Fig. 1. This FP microresonator
uses a 1 cm long single-mode fiber (SMF) as the nonlinear medium, which is embedded in
a ceramic ferrule for mechanical support and protection, similar to [15]. The left facet of
the microresonator is polished and coated with high-reflection (HR) coating. The input fiber
connector with anti-reflection (AR) coating is connected to this left facet through a ceramic
tube. The right facet of the microresonator is polished and coated with AR coating. The SLG
is sandwiched between the right facet of the microresonator and the output fiber connector
with HR coating. The reflection of the HR coating and the transmission of AR coating are all
assumed to be 99.9%. Since single-mode fibers have a relatively low nonlinear coefficient, they
require higher pump power to excite parametric frequency conversion. Thus, synchronized pulse
pumping is chosen to generate DKS more efficiently and avoid the strong thermal perturbation
that appears in continuous wave pumping [14]. In contrast to synchronously pumped optical
parametric oscillators (OPOs) [28,29], the combs of the pulsed pump need to match the cavity
resonance to achieve a coherent build-up of intracavity fields and generate the DKS [15].

Fig. 1. Schematic diagram of the proposed SLG assisted FP microresonator.
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We first establish the theoretical model for the proposed microresonator. Compared to the ring
resonators, the forward and backward propagating fields in FP resonator interact and introduce an
additional phase shift [15]. The earlier coupled mode model of the FP resonator is inconvenient
to describe the temporal power-dependent absorption of the SLG. Hence, we derive the LLE
of the FP resonator from its equivalent coupled mode equation, and transform the additional
phase shift term to the temporal expression by using Parseval’s theorem (Appendix A). The LLE
applied to the FP microresonator is

tR
∂E(t, τ)
∂t

=

[
−α − iδ0 − iL

β2
2

∂2

∂τ2
+ iLγ · |E |2 + 2iLγPcav

]
· E +

√
θEin. (1)

where E is the field envelope inside the cavity, tR is the round-trip time, L is the cavity length, β2
is the second order dispersion, γ is the nonlinear coefficient, θ is the pump coupling coefficient.
δ0 = (ω0 - ωp)tR is the pump-resonance detuning, which is caused by the mismatch between the
central frequency of pulsed pump ωp and the adjacent resonance ω0. Pcav is the average power
accumulated in the cavity, given by

Pcav =
1
tR

∫ tR/2

−tR/2
|E |2dτ. (2)

The Pcav related term in Eq. (1) is the phase shift caused by the nonlinear interaction between
co- and counter-propagating fields. The intracavity total loss is given by

α = θ +
α0
2
+
αSLG
2

. (3)

where α0 is the linear loss per roundtrip, θ is the pump coupling loss (twice that of ring resonator
due to two reflective surfaces), and αSLG is the power-dependent loss of the SLG. Recent studies
have revealed that the photo-excited electrons of the SLG have a relaxation time about 0.1-1ps
[30–32], which is comparable to the DKS duration (∼0.1 ps). Hence, we use the slow saturation
absorption model to analyze the intracavity DKS evolution, and αSLG is given by

dαSLG(τ)
dτ

= −
αSLG(τ) − αs

τR
− αSLG(τ)

I(τ)
IsatτR

. (4)

where αs is the saturable loss, τR is the relaxation time, I (τ) is the instantaneous optical intensity,
and Isat is the saturation intensity. In the following simulation, the typical parameters of SLG
are set as Isat = 2 GW/cm2, αs = 0.023, τR = 100 fs and the effective mode area of SMF is set to
Aeff = 50 µm2 [30–32]. The response of the SLG with slow saturable absorption is illustrated
in Fig. 2. A pump pulse with 7-fs duration and 1-kW peak power is launched to the SLG. The

Fig. 2. The transmission of SLG after excitation by a 7-fs pump pulse.
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simulated transmission change of the SLG has a slowly falling edge, which clearly indicates the
accumulation effect caused by the relaxation process of graphene.
In addition, we assume that the microresonator is driven by a pulse pump with a period of tR

and a soliton profile (sech2), given by

Ein =
√
P0 sech (τ/τt). (5)

where P0 and τt denotes the peak power and duration time of the pulsed pump, respectively.

3. Simulations and discussions

3.1. Deterministic single-soliton generation

With the established theoretical model, the DKS generation in the proposed SLG-assisted
microresonator is investigated. The following parameter values are used for the microresonator
in the simulation: free spectral range (FSR) is 10GHz; second-order dispersion β2 is −20 ps2

km−1; nonlinear coefficient γ is 1.3 W−1km−1; pump coupling coefficient θ is 0.1%; linear loss
α0 of FP resonator is 0.002 per roundtrip. Thus, the Q factor of microresonator is calculated to be
∼1.5×107 in the case of no graphene, which is reasonable, referred to current fabrication process
[33]. The modified FP-LLE model is solved using the split-step Fourier method, and the slow
SA model is solved by Runge-Kutta method with initial value of 0.023. Noise with maximum
amplitude of 1×10−8 and random phase is added to the pump field to excite potential instabilities.

In order to illustrate the feasibility of the proposed device, the pump-resonance detuning δ0 is
fixed as 0.015, and a synchronized pulse pumping with a peak power of 40 W and duration of 1.5
ps is launched into the cavity for 8000 roundtrips. The temporal and spectral evolution results
are shown in Figs. 3(a) and 3(b). After injection of the pulsed pump, the intracavity spectrum
gradually broadens due to the cascaded four-wave mixing (FWM) effect. At the same time, the
peak power of the intracavity pulse also increases, as shown by the red line in Fig. 3(f). At
the 997-th roundtrip, the intracavity pulse reaches its highest peak power and widest spectral
width during the evolution. The optical field experiences damped oscillations and eventually
evolves into a stable soliton. During the evolution, no chaotic or modulation instability (MI)
states appear. Figures 3(c) and 3(d) show the temporal waveform and spectral profile of the
single-soliton state. It is observed that a narrow pulse is generated with a duration of 202 fs
(FWHM), and its spectrum exhibits a sech2 envelope, which verifies the generation of single
soliton. It is apparent that the DKS pulse is shifted to the trailing edge of the pump pulse. This is
consistent with the highest transmission of graphene occurring at the trailing edge of pump pulse
due to the accumulation effect of slow saturable absorption illustrated in Fig. 2. The asymmetric
shape in the time domain also results in an asymmetric spectrum in Fig. 3(d). The evolution
of the intracavity power is shown in Fig. 3(e) with an obvious soliton step feature after DKS
generation. Figure 3(f) shows the peak power evolution of DKS and corresponding variation of
SLG saturable loss. When the peak power gradually stabilizes to 812 W, the saturation absorption
loss of SLG drops from 0.023 to 0.0138. It can be observed that the SA effect of SLG in our
device helps to achieve deterministic DKS generation by adjusting the intracavity loss. The
SLG-induced fast-time loss dynamics q(τ) is shown in the solid line in Fig. 3(g), and the pulse
profile of the soliton is shown in the dashed line. When the soliton pulse is far from the SLG, the
SLG exhibits a linear loss of 0.023. When the soliton pulse reachs the SLG, the SLG exhibits a
saturable loss in line with the soliton pulse profile.

We further demonstrate the contribution of SLG by comparing the intracavity pulse evolution
without SLG. When the graphene SA is removed from the microresonator, two situations are
considered. In case 1, graphene is removed and other parameters remain unchanged, while in
case 2, an additional fixed loss is added to compensate for the difference in loss with and without
graphene. In case 1, the microresonator becomes a conventional high-Q resonator. We found that
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Fig. 3. (a) Temporal and (b) spectral evolution of the intracavity power at a fixed detuning
of 0.015, exhibiting deterministic single-soliton generation. (c) Temporal waveform and (d)
spectrum of single soliton at the final roundtrip. (e) Evolution of the intracavity power with
fixed detuning of 0.015. (f) The peak power evolution of the DKS and the corresponding
variation of SLG saturable loss. (g) The SLG-induced fast-time loss dynamics q(τ) after
the stable soliton is generated (solid line). The dashed line shows the pulse profile of the
corresponding soliton. Pump pulse: peak power 40 W, pulse duration 1.5 ps.

there exists a power and detuning region that can excite single soliton spontaneously with pulse
pumping, which is similar to the results of [23]. The simulation results are shown in blue dashed
lines in Fig. 4. In this simulation, the synchronized pump pulse has a peak power of 0.45 W and
a duration of 1.5 ps, and the pump-resonance detuning is fixed at 0.003. The soliton evolution
results in our proposed microresonator are also shown in red solid lines in Fig. 4. In this case, the
pump-resonance detuning is fixed as 0.015, and the peak power of pulsed pump is set at 40 W.
The intracavity graphene SA has the following two effects: Firstly, it equivalently introduces
an intracavity loss and reduces the Q factor of the microresonator. Secondly, the saturable
absorption of graphene increases the pumping efficiency of spontaneous soliton generation. The
incorporation of the SLG of course reduces the pumping efficiency, but meanwhile, it increases
the absolute value of soliton peak power because the spontaneous single-soliton generation needs
to meet the bistable condition (δ0>

√
3α) and a low-Q microcavity allows higher power of the

lower branch and thus higher peak power of the generated soliton, as shown in red curves in
Fig. 4.
Then, we discuss the case 2, and show that the saturable absorption of graphene further

compensates the pumping efficiency loss by introducing a power dependent loss. Figures 5(a)–5(c)
summarize the waveforms, spectra, and power of the microresonator at four different loss values
αFIX = 0.017, 0.018, 0.019 and 0.023 (maximum loss of single-layer graphene). The pump
detuning is fixed at 0.015 (no frequency sweeping) and the peak power and pulse duration of the
pump pulse are fixed at 40 W and 1.5 ps, which are the same as those for the microresonator with
SLG. For the loss value αFIX = 0.023, no spectral broadening can be observed and the waveform
in time domain is the same as the pump pulse. For the loss value αFIX = 0.017∼0.019, spectral
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Fig. 4. Comparison of (a) temporal waveforms, (b) spectra and (c) power evolution between
the microresonator with SA graphene and without SA graphene. In the case of with no SA,
Pump pulse: peak power 0.45 W, pulse duration 1.5 ps and detuning is 0.003. In the case of
with SA, Pump pulse: peak power 40 W, pulse duration 1.5 ps and detuning is 0.015.

broadening and pulse-like waveforms can be observed in the time domain. However, even in
the best condition of αFIX = 0.018, the microresonator with SLG shows better performance, as
shown in Fig. 5(d). The waveform from the microresonator with graphene SA has narrower
pulse duration, higher peak power and lower pedestal. In Fig. 5(e), the spectrum from the
microresonator with graphene also shows a broader spectrum width and lower pump power
peak, which indicates a more efficient pump conversion. Figure 5(f) shows the intracavity power
evolution with and without SLG (αFIX = 0.018). The power of the microresonator with SLG is
lower because more pump power is converted to the DKS, as shown in Fig. 5(e).

The allowed detuning range for deterministic soliton generation is then investigated. When the
pulsed pump has a peak power of 40 W and duration of 1.5 ps, the microresonator can achieve

Fig. 5. Simulation results of (a) temporal waveforms, (b) spectra and (c) power evolution
when graphene is replaced by a fixed loss αFIX = 0.017, 0.018, 0.019 and 0.023 respectively.
Comparison of (d) temporal waveforms, (e) spectra and (f) power evolution between the
microresonator with graphene and the microresonator with a fixed loss αFIX = 0.018. Pump
pulse: peak power 40 W, pulse duration 1.5 ps and detuning is 0.015.
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deterministic generation of single soliton in the detuning range of 0.014 to 0.016. The temporal
waveforms for the allowed detuning values are shown in Fig. 6(a). The corresponding peak power
and pulse duration of soliton are shown in Fig. 6(b). For a fixed pump power, deterministic
solitons can be generated over a certain detuning range. In addition, larger detuning leads to
higher peak power and narrower pulse duration.

Fig. 6. (a) Temporal waveforms at detuning of 0.0145, 0.015, 0.0155 and 0.016 respectively.
At these detuning values, the microresonator can achieve deterministic soliton generation.
Inset: an enlarged view of the pulse peak. (b) The corresponding soliton peak power and
duration at different values of the detuning. Pump pulse: peak power 40 W, pulse duration
1.5 ps.

3.2. Soliton range and Hopf bifurcation

The previous simulation has illustrated that the intracavity field of the proposed microresonator
can directly evolve into soliton state at a proper fixed detuning and power. However, for a larger
fixed detuning, direct DKS generation can no longer be achieved. This is because larger detuning
leads to a decrease in the intracavity power and breaks the balance between parametric gain and
cavity loss. In this section, we will discuss the DKS dynamics at a larger detuning range.
In an externally driven microresonator, the soliton range (δ0, Pin) is used to characterize the

existence region of a single soliton. Here, we use the split-step Fourier method to solve the
FP-LLE, and obtain the soliton range of the SLG-assisted microresonator, as shown in Fig. 7(a).
We observe that the soliton range can be divided into four regions. Region I is the non-DKS state,
region II is the one-DKS state, region III is the breathing state, and region IV is the MI state. It
should be noted that region III is a special quasi-state area. The single DKS oscillates in region
III meanwhile retaining its localized spatial structure [34]. The boundary between regions II and
III is associated with Hopf bifurcation in externally CW-driven damped nonlinear Schrödinger
equation [35]. The soliton solution loses its stability on crossing the Hopf bifurcation. The
Hopf bifurcation originates from the Gavrilov–Guckenheimer (GG) point [36], and has been
experimentally observed in fiber resonances [34] and Si3N4 microresonators [37]. Figures 7(b)
and 7(c) show the intracavity spectral and power evolution at a fixed detuning of 0.025. The
boundary of each region can be clearly identified.

3.3. Influence of the thermo-optic effect

When the microresonator is externally driven by the laser pump, the dissipated power gets
converted to heat, changes the refractive index of the waveguide refractive index due to the
thermo-optic effect and red-shifts the resonance of the microresonator [22]. Hence, the external
pump laser is tuned across the resonance from the blue to the red side to increase the DKS
thermal stabilization time in the conventional pump tuning method.
In our proposed microresonator, the central frequency of the pulsed pump is fixed at the

proper red-detuned region to directly evolve into the single DKS. When the thermo-optic effect
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Fig. 7. (a) Soliton range of the proposed SLG assisted microresonator. Evolution of (b)
optical spectrum and (c) intracavity power with increasing pump power at a fixed detuning
of 0.025.

is considered, the pump-resonance detuning can no longer be regarded as a constant. The
accumulation of intracavity power and heat can disturb the detuning between the resonance and
the pump frequency and suppress the stable DKS generation. Thus, the initial detuning should
be tuned to larger values to ensure that the thermally shifted detuning is still located in the single
DKS region.

We study the influence of the thermo-optic effect in the proposed microresonator by including
thermal detuning in the modified LLE. Subsequently, Eq. (1) can be rewritten as

tR
∂E(t, τ)
∂t

=

[
−α − i(δ0 + δΘ) − iL

β2
2

∂2

∂τ2
+ iLγ · |E |2 + 2iLγPcav

]
· E +

√
θEin, (6)

dδΘ
dt
= −

δΘ
τ0
+ ξPcav. (7)

where δΘ= (ωΘ - ω0)tR is the thermal detuning, and ωΘ is the thermal induced cavity resonance
shift, τ0 is the thermal response time, and ξ is the coefficient describing the detuning shift
caused by the intracavity power Pcav [14]. ξ ∝ Λα0/C, depends on the thermo-optic coefficient
Λ of material, the transmission loss α0, and the heat capacity C of microresonator. Since
the waveguide of SMF in the microresonator exhibits ultra-low transmission loss, the thermal
dissipation induced heat power is relatively small. In addition, the SLG used in the microresonator
has an extremely high thermal conductivity [38], and can transfer the intracavity heat from fiber
core area to its periphery, helping in alleviating thermal detuning. In the following simulation,
we use τ0 = 100 ns, and ξ =−0.5×104 W−1s−1 to simulate the influence of the thermo-optic
effect in our microresonator. The intracavity temporal and spectral evolutions are shown in
Figs. 8(a) and 8(b), respectively, while the instantaneous waveform and spectrum profile after
thermal stabilization are shown in Figs. 8(c) and 8(d). The corresponding intracavity power and
detuning evolutions are presented in Figs. 8(e) and 8(f). The stabilized single DKS is generated
after ∼6000 roundtrips at the intracavity power of 5.1 W, and the pump-resonance detuning is
thermally shifted from 0.018 to 0.0154. Since the final stabilized detuning is still at the single
DKS region, the thermo-optic effect does not hinder the direct generation of the soliton. Unlike
the conventional tuning method in which the DKS is evolved from the pulse-like noise state
and the intracavity field experiences a huge thermal perturbation, the DKS in our proposed
microresonator is directly excited from the fixed-detuning pulsed pump without going through
chaotic and breathing states. Thus, there is less thermal perturbation in the cavity, which helps in
building up thermal stabilization.
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Fig. 8. (a) Temporal evolution and (b) spectral evolution with the increase of round trips.
(c) Temporal waveform and (d) spectrum of the single soliton after thermal stabilization.
Evolution of (e) intracavity power and (f) detuning. Pump pulse: peak power 40 W, pulse
duration 1.5 ps.

3.4. Robustness to pump perturbation

Since DKS generation in microresonators is based on the double balance between gain and loss,
nonlinearity and dispersion, the soliton stability is highly sensitive to pump perturbation [21].
For conventional DKS generation in microresonators, the frequency tuning process must be
repeated to produce the DKS state when it disappears due to the pump perturbation. An obvious
advantage of our SLG assisted microresonator is its robustness against pump perturbation. In
this section, we demonstrate the self-recovery of the DKS in our device when it is temporarily
suppressed by the pump perturbation.
Figure 9(a) shows the DKS evolution when a pump frequency jitter occurs at the 2000th

roundtrip. The DKS disappears due to the frequency jitter (detuning increased by 0.1 with a
duration of 10 ns) and re-builds itself successfully after the disappearance of frequency jitter in
another ∼2000 roundtrips. Figure 9(d) exhibits the phase evolutions ∆Φµ(t) of different modes in
response to this frequency jitter. ∆Φµ(t) is defined as the change of phaseΦµ(t) of µ-th mode,
i.e., ∆Φµ(t)=Φµ(t) −Φµ(0). Here, the 100th, 200th, 300th and 400th modes are monitored. The
phases of the different modes are all recovered.

Figure 9(b) shows the DKS evolution when a π phase jump occurs at 2000th roundtrip. It can be
clearly observed that the DKS re-builds itself after another ∼2000 roundtrips. The corresponding
phase evolutions of ∆Φµ(t) are shown in Fig. 9(e). The phases at different modes are again
recovered after the re-establishment of DKS.

Similarly, when a 10-ps timing shift of pump pulse occurs, the DKS can also recover itself after
another ∼2000 roundtrips, as shown in Fig. 9(c). The corresponding phase evolutions ∆Φµ(t) are
shown in Fig. 9(f). The recovered phases in Fig. 9(f) have a linear phase difference compared to
the original values owing to the timing shift of the DKS.
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Fig. 9. Self-recovery of DKS state in the proposed microresonator with (a) 10-ns long
detuning perturbation, (b) pump phase jump of π and (c) 10-ps timing shift of pump
pulse at 2000th roundtrip. (d)–(f) The phase evolutions of different modes when the pump
perturbation is introduced. Pump pulse: peak power 40 W, pulse duration 1.5 ps.

3.5. Influence of relaxation time

The parameters of graphene play an important role in our proposed microresonator. We
numerically investigate the effect of the relaxation time while fixing other parameters (Isat = 2
GW/cm2, αs = 0.023). The simulation results are shown in Fig. 10(a). We find that the peak power
of the soliton decreases significantly as the relaxation time increases. This is because the longer
relaxation time increases the response time, which, in turn, decreases the peak transmittance of
the SLG, as shown by Fig. 10(b). In Fig. 10(c), when the relaxation time τR changes from 10
fs to 500 fs, the pulse duration increases from 189 fs to 402 fs, and the peak power of soliton
decreases from 864 W to 478 W. At the same time, the temporal location of the soliton also
changes with the relaxation time, which is reported in Fig. 10(d). The DKS begins to deviate
from the central position of pulsed pump, and reaches its maximum shift at τR = 350 fs as the
relaxation time increases. Further increases in the relaxation time cause the DKS to move back
towards the central position of the pump. This is because when the relaxation time approaches
zero (τR →0), Eq. (4) is equivalent to the fast-saturated absorber model, and the DKS tends
to generate at the location of the highest power. When the relaxation time approaches infinity
(τR→∞), the loss of the SLG contains only its linear absorption. Thus, the DKS returns to the
central position of the pulsed pump. Our simulation results indicate that the location of DKS will
be influenced by relaxation time τR. Meanwhile, the longer τR of the graphene results in lower
peak power and wider pulse duration at a given pump pulse power.
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Fig. 10. (a) Temporal waveforms at different relaxation times of 10 fs, 100 fs, 300 fs and
500 fs. (b) The peak value of the SLG transmittance versus different relaxation time. (c)
The peak power and duration of the generated DKS at different relaxation times. (d) The
temporal location of the soliton with various relaxation times. Pump pulse: peak power 40
W, pulse duration 1.5 ps.

4. Conclusions

In conclusion, we have proposed a SLG-assisted FPmicroresonatorwhich enables the deterministic
generation of a single soliton without the requirement of pump frequency tuning. When the
cavity is driven by pulsed pump with a proper fixed frequency, the intracavity field can directly
evolve into a single-soliton state. The proposed microresonator is sufficiently robust to maintain
the single-soliton state under various pump perturbations. The device properties, including
the soliton region, influence of thermal tuning and graphene parameters, have been thoroughly
investigated. Moreover, we believe that this device could be a new nonlinear platform bridging
novel microresonators and well-known SA assisted mode locking due to the existence of graphene,
and therefore promote fundamental research in nonlinear optics as well as facilitate practical
applications of microresonator-based DKS.

Appendix A

In this appendix, we deduce the Lugiato-Lefever equation (LLE) for Fabry–Pérot (FP) microres-
onator from its equivalent coupled mode equation (CME). The FP-LLE we have derived is
consistent with the results of the Ref. [39]. Besides, we verify the correctness of the developed
LLE by comparing the simulation results demonstrated in [15].

A1. LLE derivation for the Kerr nonlinear FP resonator

Compared with ring microresonator, the co- and counter-propagation fields of FP resonator will
interact and introduce an additional phase shift [15]. The field evolution of FP resonator has
been theoretically analyzed by coupled mode equation in [15], and given by

∂aµ
∂τ
= −

[
1 + iζµ − 2i

∑
µ′

|aµ′ |2
]
aµ + i

∑
µ′,µ′′

aµ′aµ′′a∗µ′+µ′′−µ + δ0µf (8)
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where µ is the mode number of Kerr combs, aµ is the amplitude of µ-th mode, τ = κT/2 is the
normalized time and κ is cavity decay rate [9]. The cavity decay rate κ is given by κ = κint + κext,
where κint is the intracavity decay rate, and κext is the coupling rate. The ratio of η = κext /κ
is coupling efficiency. When η = 1/2, the Kerr microresonator operates at critically coupled
condition [9]. ζµ = 2(ωµ − ωp − µD1)/κ describes the detuning frequency between central driving
mode and resonance, and ωµ =ω0 + µD1 +D2µ2/2, where ω0 is resonance frequency near the
driving mode ωp, D1 = 2πc/(n0L)=ωFSR is the free spectral range (FSR) of resonator (c is the
speed of light, n0 is refractive index, L is cavity length), and D2 =−D1

2β2c/n0 is the second-order
cavity dispersion (β2 is group-velocity dispersion) [8]. The amplitude of pump laser is given
by f =

√
8κextgP/(κ3~ωp), where g = ~ω2

pn2D1/(2πn0Aeff ) is the nonlinear coupling coefficient,
which describes the resonance frequency shift in the Kerr nonlinear medium with the nonlinear
refractive index n2, and effective mode area Aeff [15]. P is the power of driving laser, and ~ is the
Plank constant. δ0µ is the delta function that equals to 1 when µ= 0, and otherwise equals to 0.
In Eq. (8), the third term on the right side describes the additional phase shift in FP resonator,
and the fourth term describes the parametric frequency conversion in χ(3)-nonlinear medium.
We rewrite Eq. (8) in a de-normalized form, given by

∂Aµ

∂T
= −

κ

2
Aµ−i($0 −$p + D2µ

2/2)Aµ+2ig
∑
µ′

|Aµ′ |
2Aµ+ig

∑
µ′,µ′′

Aµ′Aµ ′′A∗µ′+µ′′−µ+δ0µ

√
Pκext
~$p

(9)
where we have introduced T = 2τ/κ and Aµ = aµ

√
2g/κ, |Aµ |

2 corresponds to the total photon
number in mode µ. According to Fourier series expansion, The temporal slowly varying envelop
of the intracavity field A(T, t) can be written as

A(T , t) =
∑
µ

Aµ(T) exp(−iµωFSRt) (10)

where t ∈ [−tR/2, tR/2] denotes the fast time in one resonator roundtrip, and tR is the roundtrip
time. From Eq. (10), we can obtain its differential equation about t and T, given by

∂A
∂T

=
∑
µ

∂Aµ

∂T
exp(−iµωFSRt) (11)

∂nA
∂tn

=
∑
µ

(−iµωFSR)
nAµ exp(−iµωFSRt) (12)

In Eq. (11), the ∂Aµ/∂T term is given by Eq. (9), and using Eq. (12) to simplify the D2 term
(D2 = −ω

2
FSRβ2c/n0), thus the Eq. (11) can be rewritten as

∂A
∂T
=

∑
µ

[
−
κ

2
Aµ − i($0 −$p)Aµ + 2ig

∑
µ′

|Aµ′ |
2Aµ + ig

∑
µ′,µ′′

Aµ′Aµ′′A∗µ′+µ′′−µ

]
exp(−iµωFSRt)

− i
β2c
2n0

∂2A
∂t2
+

√
Pκext
~$p

(13)
According to the Parseval’s theorem for continuous time Fourier series (CTFS), the

∑
u′ |Au′ |

2

term is given by
∑

µ′
��Aµ′

��2 = 1
tR

∫ tR/2
−tR/2
|A(t)|2dt where |A(t)|2 denotes the normalized power in
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resonator. Through the CTFS transformation, the Eq. (13) can be rewritten as

∂A
∂T

=

[
−
κ

2
− i($0 −$p) + 2ig

1
tR

∫ tR/2

−tR/2
|A(t)|

2

dt + ig|A(t)|2 − i
β2c
2n0

∂2

∂t2

]
A +

√
Pκext
~$p

(14)

Finally, Eq. (14) can be rewritten in the form of de-normalized LLE, and given by

tR
∂E(T , t)
∂T

=
[
−
α

2
− iδ0 + 2iLγPcav + iLγ |E |2 − iL

β2
2
∂2

∂t2

]
E +
√
θEin (15)

where E(t) =
√
(~ωp)/tRA(t) is the field envelopes inside the cavity, α = κtR is the intracavity

total loss, δ0 = (ω0 − ωp)tR is the pump-resonance detuning, γ = ωpn2/(Aeff c) is the nonlinear
coefficient, θ = κexttR is the pump coupling coefficient, Ein =

√
P is the driving field, Pcav is the

average power accumulated in the cavity, and given by

Pcav =
1
tR

∫ tR/2

−tR/2
|E |2dt (16)

A2. LLE verification

To verify the correctness of deduced LLE in Eq. (15), we compare simulation results of the
deduced LLE and CME used in [15]. The simulated FP microresonator has a resonance width
κ/2π = 7 MHz, FSR ωFSR /2π = 10 GHz, nonlinear refractive index n2 = 2.6 m2W−1, effective
mode area Aeff = 85 µm2, group-velocity dispersion β2=−20 ps2km−1. The parameter of FP
microresonator is consistent with [15], except the FSR is set to 10 GHz rather than 9.77 GHz for
simplification. The synchronous driving field is characterized by 41 frequency combs with equal
phase and power, and the total power is 75 mW. The noise with maximum amplitude of 1×10−8

Fig. 11. (a) Intracavity power evolution when the pump-resonance detuning is scanned
from −5κ to 15κ. (b) The spectrum of single soliton when the field is stabilized at 8.5κ.
(c) Temporal evolution of intracavity power when the driving mode is tuned across the
resonance. Inset: temporal waveform at the detuning of 8.5κ. (d) Spectral evolution of
intracavity power with same detuning range
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and random phase is added to the pump field to excite any potential instability. Equation (16) is
solved by split-step Fourier method [13,16], and the pump-resonance detuning is normalized
with κ. The simulation results are presented in Fig. 11, and coincide with the simulation results
of [15]. Figure 11(a) demonstrates the intracavity power variation versus the pump-resonance
detuning, and the curve exhibits single soliton step from 5.5κ to 10κ. Figure 10(b) shows the
single-soliton spectrum when intracavity field is stabilized at the detuning of 8.5κ. The spectrum
exhibits the characteristics of smooth sech2-envelope, and the −25dB spectral width is around
80nm, in agreement with [15]. The temporal and spectral evolution of intracavity power are
shown in Figs. 11(c) and 11(d). The noise evolution pattern has slightly difference compared
with [15], which is cause by random phase noise in driving pulse. The temporal waveform at the
detuning of 8.5κ is shown at the inset of Fig. 11(c) with a duration of 133fs (FWHM).
In conclusion, our simulation results from the deduced LLE are in good agreement with the

simulation results solved from CME, which verifies the correctness of formula derivation.
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